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ABSTRACT: This paper gives the additivity and reduction formulas for 
mixed multiplicities of multi-graded modules M and mixed multiplicities 
of arbitrary ideals, and establishes the recursion formulas for the sum of all 
the mixed multiplicities of M. As an application of these formulas we get 
the recursion formulas for the multiplicity of multi-graded Rees modules. 

1. Introduction 

Let (A, m) be an artinian local ring with maximal ideal m, infinite residue field 
k = A/m. Let S = ® ni n >o^(,m,...,n d ) (d > 0) be a finitely generated standard 
N d -graded algebra over A (i.e., S is generated over A by elements of total degree 1) 
and let M = @ ni n >0 M( nii ... >nd ) be a finitely generated N d -graded S'-module such 
that M(n lt _ t n d ) = 5 , ( niv .. jn£i )M(o,...,o) for all ni,...,rid > 0. Throughout this paper, 
put Si = S( i ) for all i — 1, . . . , d and 

i 

^ = 0n>O S{n,...,n), S ++ = m | ... >nd>0 ^(ni ,...,n d ) , 
S+ — ® n >0 S(n,...,n)> S+ = ©mH hn d >0 S(m,...,n d ) i 

M A = n > o M (n ,..., n) , a : = U n > (a : b n )- 

Denote by Proj S the set of the homogeneous prime ideals of S which do not contain 
S+ . ■ Set dimM A = t and 



Supp ++ M = {P6 Proj S\M P ^ o}. 
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By [24, Remark 3.1], dimSupp ++ M = £-1. And by [4, Theorem 4.1], £ A [M(n 1 ,..., nd )] 
is a polynomial of degree £ — 1 for all large ni, . . . , n^. The terms of total degree 
I — 1 in this polynomial have the form 



n x ■■■n d 



e{M-k u ...,k d ) 

fei H h fc d = <-l 

Then e(M; fci, . . . , k d ) are called the mixed multiplicity of type (ki, . . . , k d ) of M [4]. 
In the case that (R, n) is a noetherian local ring with maximal ideal n, J is an n- 
primary ideal, I\, . . . , I d are ideals of R, N is a finitely generated R- module, then it 
is easily seen that 

J n °I^ ■■■I% d N 



F J (J,I 1 ,...,I*N)= 



ni jn d 



■ ■ I d N 

no,ni,...,rid>0 a 

is a finitely generated graded Fj( J, I±, . . . , Id, -R)-module. Mixed multiplicities of 
Fj(J, I u . . . , I d ; N) are denoted by e(j^ ko+1 \ if l] , . . . , I d kd] ; N) and which are called 
mixed multiplicities of N with respect to ideals J, I\, . . . , I d (see [11, 20]). 

Although the problems of expressing the multiplicity of graded modules in terms 
of mixed multiplicities and the relationship between mixed multiplicities and Hilbert- 
Samuel multiplicity have attracted much attention in past years (the citations will 
be mentioned in the next sections), the properties similar to that of the Hilbert- 
Samuel multiplicity (for instance: the additive property on exact sequences as in 
[5, Lemma 17.4.4] and the additivity and reduction formula [5, Theorem 17.4.8] 
for mixed multiplicities of n-primary ideals...) for mixed multiplicities of arbitrary 
ideals and multi-graded modules, and other properties, are not yet known. 

In the present paper, by a new approach we give additivity and reduction for- 
mulas for mixed multiplicities of multi-graded modules and mixed multiplicities of 
arbitrary ideals. And we establish the recursion formulas for the sum of all the 
mixed multiplicities of multi-graded modules. 

As one might expect, we first obtain the following result for mixed multiplicities 
of multi-graded modules. 

Theorem 3.1. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module such 
that Sri i x> is not contained in \J AnnM. Denote by A the set of all homogeneous 
prime ideals P of S such that P e Supp ++ M and dimProj(SyP) = dimSupp ++ M. 
Then 

e(M; k 1 ,...,k d ) = Y, t(M P )e(S/P; h, . . . , k d ). 
PeA 
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We would like to emphasize that although Theorem 3.1 is a general result for 
mixed multiplicities of multi-graded modules which is a general object for mixed 
multiplicities of ideals, up to now we can not prove the following theorem by using 
Theorem 3.1. 

Theorem 3.2. Let (R, n) be a noetherian local ring with maximal ideal n, infinite 

residue field k = R/n, ideals I\, . . . , Id, an n-primary J. Let N be a finitely generated 

N 

R-module. Assume that I = L ■ ■ ■ L is not contained in VAnniV. Set N = . 

Denote by U the set of all prime ideals p of R such that p e Min(.R/AnniV) and 
dimi?/p = dimiV. Then we have 

e(J^,I^\ ...,/f ] ;iV) = £ «e( if 11 , . . . , l\ kA - R/p). 

pen 

It is natural to suppose that the proof of Theorem 3.2 will have to use the additive 
property on exact sequences of mixed multiplicities. But in fact, this approach seems 
to become a obstruction in proving Theorem 3.2. This is a motivation to help us 
giving another approach for the proof of Theorem 3.2 as in this paper (see the proof 
of Theorem 3.2, Section 3). On the contrary, even from Theorem 3.2 we show that 
mixed multiplicities of arbitrary ideals are additive on exact sequences (see Corollary 
3.9, Section 3) which covers [5, Lemma 17.4.4]. 

Our approach is based on multiplicity formulas of multi-graded Rees modules 
with respect to powers of ideals (see Proposition 2.4 and Corollary 2.5, Section 2) via 
linking minimal homogeneous prime ideals of maximal coheight of the Rees module 
JH(Ji, Id', N) = ni nd>0 1™ 1 ■ ■ ■ 1^ d N and minimal prime ideals of maximal 
coheight of (see Lemma 3.4, Section 3). 

Set 

S (m,...,n d ) and Mq = SjM (0i ..., ). 

n 1 ,...,n i - 1 ,n i+ i,...,n d >0 ; rii=0 

Next, we establish the recursion formulas for the sum of all the mixed multiplic- 
ities of the N d -graded module M : e(M) = ^2 kl + ... + k = e _ x e(M; ki, . . . ,k d ) which 
express e(M) as a sum 

e(M) = e(M/xM) + e(W), 

where 

dim Supp ++ (M/xM) = dimSupp ++ M — 1 
and W is an M d_1 -graded module. This result can be stated as follows. 
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Theorem 5.2. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S -module such that 
M = SM( ,...,o)- Set dim S A M A = I. Assume that e(M; ki, . . . , k d ) ± and h > 0. 
Let x £ Si be an S ++ -filter-regular element with respect to M. Set h = hi, ... , hd 
and | h |= hi + ■ ■ ■ + h d . Then the following statements hold. 

0*) S|h| =i-v hi=o e ^M\ h) 7^ if and only if dirn^A [S^Mq\^ = £ for some v 3> 0. 
In this case, e^S^Mi) = J2\h\ =l-\- h i= o e (M; h) for all v 0. 

(iii) // dim^A[^M ? ] A = I for some v > then e(M) = e(— :) + e(S^M-) 
/or a// y ^> 0. 

(iv) // dim^A [S?M$ A < « /or some v > f/ien e(M) = e^-^:) /or a// v > 0. 

As consequences of Theorem 5.2, we get the recursion formulas for the multiplicity 
of multi-graded Rees modules (see Theorem 5.5; Corollary 5.6; Corollary 5.7 and 
Corollary 5.8, Section 5). 

The main results of this paper yield many interesting consequences such as the 
additivity and reduction formulas for mixed multiplicities of ideals of positive height 
that covers [5, Theorem 17.4.8] for the case of n-primary ideals; the additive property 
on exact sequences for mixed multiplicities of ideals and the multiplicity of multi- 
graded Rees modules; the recursion formulas for the multiplicity of multi-graded 
Rees modules; and the multiplicity formulas of Rees modules. 

This paper is divided into five sections. Section 2 is devoted to the discussion of 
mixed multiplicities of multi-graded Rees modules and the multiplicity of Rees mod- 
ules with respect to powers of ideals (Proposition 2.4 and Corollary 2.5) that will be 
used as a tool in the proofs of the paper. Section 3 gives the additivity and reduction 
formulas for mixed multiplicities of multi-graded modules and mixed multiplicities 
of arbitrary ideals. Section 4 investigates the relationship between filter-regular 
sequences of multi-graded Fj(J, h, . . . , Id] i?)-module Fj(J, Ii, . . . , Id; N) and weak- 
(FC)-sequences of ideals that will be used in the proofs of Section 5 (Proposition 
4.5). Section 5 introduces the recursion formulas for the sum of all the mixed mul- 
tiplicities of multi-graded modules. And as an application, we obtain the recursion 
formulas for the multiplicity of multi-graded Rees modules. 
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2. Multiplicity of multi-graded Rees modules 



This section studies mixed multiplicities and the multiplicity of multi-graded mod- 
ules. We will give multiplicity and mixed multiplicity formulas of Rees modules with 
respect to powers of ideals that will be used as a tool in the proofs of the paper. 

Set dimM A = I. By [4, Theorem 4.1], ^A[M( ni) „. )n(J )] is a polynomial of degree 
dimSupp ++ M for all large ni, . . . ,n d . Remember that dimSupp ++ M = £ — 1 by 
[24, Remark 3.1]. The terms of total degree i — 1 in this polynomial have the form 



B M (n 1 ,n 2 , ...,n d ) = e(M;ki, . . . ,k d )-±- -p- 



-1 



Then e(M; k\, . . . , k d ) are non- negative integers not all zero, called the mixed mul- 
tiplicity of type (ki, . . . , k d ) of M [4]. And from now on B M {n^ n 2 , . . . , n d ) is called 
the Bahattacharya homogeneous polynomial of M [1]. 

Set k = ki, . . . ,k d and | k |= fci + • ■ ■ + k d . Denote by e(M) the sum of all the 
mixed multiplicities of M, i.e., e(M) := 5^ik|=^-i e (^S k). It is well known that in 
generally, the multiplicity e(M) of M and e(M) are different invariants of M. 

Let (.R, n) be a noetherian local ring with maximal ideal n, infinite residue field 
k = R/n and let N be a finitely generated -R-module. Let Ii, . . . ,I d be ideals of R 
such that Ji • • • I d is not contained in a/ AnniV. 

Put I = /!,... ,/ d ; n = m, ... ,n d ; I n = J? 1 ,. . .,7^; iM = /f l] , . . . , I [ d kd] . 
Denote by 

m(I;R)=m(h,...,I d ;R)= IT ■ ■ ■ P d d 

m,...,n d >0 

the Rees algebra of ideals I\ , . . . , I d and by 

JH(I;JV) = *«(/!,..., / d ;JV)= J™ 1 ■••ffN 

ni,...,n d >0 

the Rees module of ideals Ii, . . . ,I d with respect to TV. Let J be an n-primary ideal. 
Set 

Tno r n l T n d 



Fj(J,I;R) = Fj(J,h,...,I d ;R)= 



no,ni,...,n ( j>0 



' 1 d 



and 



Fj(J,I;N) = Fj(J,h,...,I d ;N) = 



jnojni ...I^N 



■■H d N' 

no,ni,...,n ( j>0 " 
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Then Fj(J, I; R) is a finitely generated standard multi-graded algebra over an ar- 
tinian local ring R/J and Fj(J, I; N) is a finitely generated multi-graded Fj(J, I; 72)- 
module. Set 7 = I\ ■ ■ ■ Denote by Bjy(j, I; no, n) = 73^(7, I; no, ni, . . . , rid) the 
Bahattacharya homogeneous polynomial of Fj(J, I; A r ). Then remember that 

deg fijv (7, 1; n , n) = dim — — - 1 

by [21, Proposition 3.1] (see [11, Proposition 3.1]). And by [24, Remark 3.1], 
deg B N (j,I;n ,n) = dimFj(J, I; N) A - 1. Hence dim Fj (J, I; iV) A = dim ^ 

J + AnniV iV 

In the case that ht — : — — > 0, dim- — = dimA^. The above facts yield: 

AnniV N : I°° J 

Note 2.1. dim Fj (J, I; AH A = dim — — — , and if ht J + AnniV > then 
JK ' ' 7 0^:7°°' AnniV 

dim Fj( 7, 1; AQ A = dimA^. 

e(Fj(J, I; iV); fc , fci, . . . , A*) = e(jM, if l] , . . . , if 1 ; iV) := e( 7^, lW ; iV) 

(fc + fci + • • • + k d = k + | k |= q - 1). Then e(J^ ko+1 \ if l] , . . . , if^; N) is called 
the mixed multiplicity of N with respect to ideals J, I±, . . . , Id of type (k , ki, . . . , kd) 
(see [11, 20]). 

Note 2.2. Recall that by [11, Proposition 3.1] which is a generalized result of [21, 
Proposition 3.1], we have e(J^ ko+1 \ iM; N) = e(j [fco+l1 , 1 [k] ; — ), and hence 



e(F J Ul ] N))=e(FMl ] — oo 



On : 

N 



Note 2.3. By [4, Corollary 4.6], it follows that 

e ( (7, *H(I; R) + ) ■ £H(I; iV)) = e(F/(7, I; iV)) . 

7 + AnniV iV 

Now, assume that ht — ; > 0. Then dim = dimA^. In this case, 

AnnN N : 7°° 

B N (j,I;n ,n) = JJ e( jlM-1, tfH, N ) (1) 

fc +|k|=g-l °" 1- d ' 



and 

e((j,^(I;tf) + );<H(I;iV))= £ e(j[ fco+1 l, iW; N) (2) 

fc + |k|= q-1 

by [4, Theorem 4.4] which is a generalized version of [20, Theorem 1.4]. Next, let 
«i, . . . , Ud be positive integers. Set u k = u^ 1 • • ■ u k d d . From (1) we have 

ko ki k^ 

fco+|k|=g-l °' X ' d ' 

B^p.^n)- e e (Jl ^M^iv) "°" ( "nr;:::i"r >t ' - 

fco+|k|= ff -i °" 1- d ' 

Consequently, e(J^ ko+1 \ I u[k] ; iV) = e( J[*° +1 ], iM; JV)u k . Hence by (2), 

e( (J, 9^(I U ; R) + ); !K(I U ; JV)) = ^ e(J [ko+1 \ I [k] ; iV)u k . 

feo +|k| = g-1 

We obtain the following result. 

„ . . a , ! J + AnniV 

Proposition 2.4. Assume mat ht — > and u±, . . . are positive inte- 

AnnA* 

gers. Then 

(i) e(j[ fco+1 ],I u[kl ;A r ) =e(j[ fc0+1 U [k] ;A r )u k . 

(ii) e((J,^(P ;j R) + );^(P;iV)) = E fc() + | k | = e(J [fco+1] , I [k] ; iV)u k 

— J + AnniV 

Set A r = . It can be verified that ht =— > 0. By Note 2.2, 

0^ : I°° ArniN 



e(/» +1 llM;JV)=e(j [fc » +1| ,I [k] ; 



A/ 



N :I C 



Then as an immediate consequence of Proposition 2.4 we get the following. 
Corollary 2.5. Let u\, . . . ,Ud be positive integers. Then 

(i) e(j[ fco+1 ],I u[kl ;A r ) =e(j[ fc0+1 U [k] ;A r )u k . 

(ii) e ((j,Ol(P;i2) + );SH(P; 5 -^)) = Ek ^ N ) u * 
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Set § = Fj(J, I; P) and M = Fj(J,l; N). Recall that 

e(M)= ^ e(J [ko+1] ,I [k] ;N). 

k + |k|=g-l 

Hence combining this fact with Note 2.3 and Corollary 2.5 yields: 
Corollary 2.6. e(Fj{ J, I; ^^)) = e(M) = e((J, P)+); ^-^ 



OO ' 



j _|_ AnnA^ 

Remark 2.7. If ht — ; > 0, then e(M) is the sum of all the mixed multiplici- 

tiesofMby [4, 20]. Hencee(M) = e(M) . Thus e(Fj(J, I; A 7 ")) = e(Fj(J,I 



and e((j,5H(I;P)+);!?t(I; AT)) = e((j, P) + ); by Corollary 2.6. 

3. Additivity and reduction formulas for mixed multiplicities 

In this section, we prove additivity and reduction formulas for mixed multiplici- 
ties. And as an application of these formulas, we show that mixed multiplicities of 
arbitrary ideals are additive on exact sequences. 

First, we have the following result for N d -graded S'-modules. 

Theorem 3.1. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module such 
that SVi i i) is not contained in yAxmM. Denote by A the set of all homogeneous 
prime ideals P of S such that P e Supp ++ M and dimProj(SyP) = dimSupp ++ M. 
Then 

e(M; k) = KM P )e(S/P] k). 
PeA 

Proof. Denote by B^j(n) the Bahattacharya homogeneous polynomial of M. 
Remember that since ^ vAnnM, degPM(n) = dimSupp ++ M by 

[4, Theorem 4.1] (see [24, Remark 3.1]). Let 

= M C Mi C M 2 C • • • C M u = M 

be a prime filtration of M, i.e., M i+1 /Mj = S/ Pi where Pi is a homogeneous prime 
ideal for all < i < u - 1. Since ^(i.i,...,!) ^ VAnnM, ^ A C Min(S'/AnnM) by 
[4, Lemma 1.1]. Consequently, A C {P , P 1 , . . . , P u -{\. Note that 

{P 0) Pi,...,P u -i} C SuppM. 
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s 

Hence if P, ^ Supp ++ M then P D S ++ . In this case, I — ] = for all n 3> by 

[24, Proposition 2.7]. Therefore Bg/p^n) = 0. If dimProj(Syp) < dim Supp ++ M, 
we have degBs/pX n ) — dimProj(SyPj) < dimSupp ++ M by [4, Theorem 4.1]. From 
the above facts, it follows that 

degPsyp^n) < dimSupp ++ Af 

for all Pj ^ A. Hence Bm(h) is a sum of all the Ps/p(n) for PeA, counted as 

many times as S/P appears as some ^ l . This number is exactly the length of 

M P because A C Min(5/AnnM). Therefore B M (n) = £ PgA £(M P )B S /p(n). Set 
dimSupp ++ M = s. Remember that n k := n^ 1 • • -n d d . Now since 

B s/P (n) = < S / p -> k ) fcT~fc j for P G A ' 

|k|= s Id 

k 



Hence 



|k| = s PeA 
E,k, = ,e(M;k) 



E M = s [Ep e AWe(5/P;l 



n k 



J fci! • ■ ■ k d 



Thus, 



e(M;k) = ^V(M P )e(S/P;k). ■ 

PeA 

Although Theorem 3.1 is a general result for mixed multiplicities of multi-graded 
modules that is a general object for mixed multiplicities of ideals, up to now we can 
not give a proof for the case of mixed multiplicities of ideals in the following result 
by using this theorem. 

Theorem 3.2. Let (R, n) be a noetherian local ring with maximal ideal n, infinite 

residue field k = R/n, ideals p, . . . , Id, an n-primary J. Let N be a finitely generated 

N 

R-module. Assume that I = I\ - • • is not contained in VAnnJV. Set N 



0n_ : I°° 

Denote by U the set of all prime ideals p of R such that p G Min(P/AnnAQ and 
dimP/p = dimA^. Then we have 

e (j[*o+i] j lM.jV) = ^(Ag e (J [fco+1] ,I [k] ;P/p). 
pen 
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Remark 3.3. Recall that II is the set of prime ideals p such that p G Min(i?/AnnA r ) 
and dimi?/p = dimiV. It is easy seen that 

11 = (p e Ass( — I dimi?/p = dimivl. 
I V AnniV/ 1 ' > 

Since AnniV = AnnN : I 00 , = Ann ^ :JOO . Consequently 

R 



U= {* e ASS ( AnniV : Z°° ) 1 dimi?/P = dimiV } 

r / R \ 

= jp G Ass^— — —J | p ^ / and dimi?/p = dim 



A 



If p G II, A^ p = Ap because I £ p. Since £(Ap) = ^(JV P ) < +oo, p G Min( x ^ F ). 

Hence II — |p G Minf-^^J p ^ / and dimi?/p = dim ~n\. In the case that 

j _|_ AnnA^ 

ht — — — > 0, dim A" = dim A" and p ^ 7 for any p G Min( Ai ^ Ar ). Consequently 

n = { P GMin( x ^) | dimi?/p = dimiv}. 

Our approach is based on multiplicity formulas of multi-graded Rees modules 
with respect to powers of ideals that gave in Proposition 2.4 via linking homogeneous 
prime ideals which are in Min(^H(I; i?)/Ann 9t(I; N)) of maximal coheight and prime 
ideals in IT by the following lemma. 

Lemma 3.4. Let N be a finitely generated R-module and let Ii, . . . ,1a be ideals of 
I -\- AnnA^ 

R such that ht — > (I = I\ • • • Id). Denote by A the set of homogeneous 

AnrnV 

prime ideals P of the Rees algebras 91(1; R) such that P G Min(<K(I; R) /Ann5^(I; N)) 
and dim 5H(I; R) jP = dim$K(I;A r ), and denote by U the set of prime ideals of R 
such that p G Min(i?/AnnA r ) and dimi?/p = dimA^. Then there is an one-to-one 
correspondence between the set of prime ideals II and the set of prime ideals A 
given by 

p^p= (pniT-C). 

ni,...n d >0 

I -\- AnnA^ 

Proof. First, remember that since ht — > 0, dimSHfl; N) = dim A" + d. 

AnnA* 

Note that A C Ass^i^D^I; N) and II C Ass R N and 

Ann £H(I; N) = (AnnN n If 1 • • • P] d ) . 

ni,...n £ j>0 
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Now, if p is an ideal in II, then it can be verified that 

m,...n d >0 

is a homogeneous prime ideal of 9t(I; P) and Ann 91(1; N) C P. 

Note 3.5. If q is a prime ideal of P and I q then — 7^ 0. Since P/q is an 

integral domain and — — - 7^ 0, ht — -^—^ > 0. Therefore for any p G II, ht — — - > 

q q P 

because / ^ p by Remark 3.3. 

It is easily seen that 

rni jrid 

1 i ' " 1 d 



Vi(I;R)/P= 



m,...n d >0 r 1 d 
rni rn d . 

= ^£ = K(I;i2/D). 

ni,...Tid>0 

Since ht^P > by Note 3.5, dim £H(I; P/p) = dim P/p + d. Since pen, 
dim P/p = dim AT. Hence dim 91(1; R)/P = dim<H(I; N). So P £ A. 

Next, suppose that P is an ideal in A. Then P is an associated prime ideal of 
9*1(1; N). Hence P is homogeneous and there is a homogeneous element x £ 91(1; N) 
such that P = : x. Set p = P R P. Then p = {a £ R \ ax = 0} and AnniV C p. 
Set P = ni) ..., nd >o-FW,...,n d ), we have 

P {ni ,..., nd) = {aeir---I^ d \ax = 0}. 
It implies that P( ni n<J ) = p fl J™ 1 ■ ■ • I^ d . Therefore P has the form 

p= (pn/r 1 ---^ 

ni,...n d >0 



I -\- AnnA^ 

Consequently 91(1; R)/P ^ 91(1; P/p). Since P £ A and ht AnnjV > 0, 
dim 91(1; R)/P = dim 91(1; N) = dim N + d. 

Note that 

dim9l(I; P/p) < dim P/p + d. 

Consequently dim P/p ^ dimA r . Hence since Ann A" C p, dim P/p = dimA r . Thus, 
p £ n. The above facts follow that there is a bijection between the set n and the 
set A given by p ^ P = nii ... nd > o (p H • • ■ P/). ■ 
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The proof of Theorem 3.2: Let ui, . . . ,Ud be positive integers. Remember that 

— N 

I" = Set N = and q = dim AT. Denote by A u the set of 

homogeneous prime ideals P of the Rees algebra SH(I U ; R) = 9t(/f . . . , I^ d ; R) such 
that P G Min(9t(I u ; i?)/Ann^(I u ; F)) and dim9t(F; R)/P = dimS^P; N). Recall 
that 

n = jp G Min ( A -=) I dimiZ/p = dimJvJ. 
By [5, Theorem 11.2.4], we have 

e((J,^(P ;j R) + );^(P;AT)) 

= Ep eAu W u ; A r )p)e((J, R)+); <H(P; 1 J 

/ _l_ AnnA^ 

Remember that ht = — > 0. In this case, if P G A„ and p = P D R, we have 

AnnN 



ni,...n d >0 



and p G II by Lemma 3.4. Since p ^ / by Remark 3.3, it follows that 

x(r-,N) P = N p . 

Hence since 

V\(I U ;R)/P^ <K(I u ;i?/p) 

and by (3) we obtain 



e(( J, !H(P; iV)) = £ £(N p )e((J, *K(P; i2/p) + ); 5H(P; J2/p)). (4) 

pen 

Recall that p G II, ht — — - > by Note 3.5. Hence by Corollary 2.5(h) and Propo- 

P 

sition 2.4, we respectively get 

e((J,^(P ;j R) + );fH(P; N)) = £ feo+ | k |= 9 -i e(J [fco+1] , I [k] ; A> k (5) 

and 



; ((J,^(P ;j R/p) + );^(P ;j R/p)) = Z k0+ w= q -i<J lk0+1] ,I [k] -,R/p)u* (6) 
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From (4), (5) and (6), it follows that 

E e(J [fco+11 ,I [k] ;iV)u k 

feo+|k|=g-l 

= E e(J^,lM;i?/p)u k ) 



pen fco+ | k | =? _i 

£ (E 

fco+|k|=<?-i pen 



E (E^) e ( J[fe0+1] ' I[k] ^/p)) uk - 



Therefore 



e (j[feo+i] ;I [k] ;iV ) =J2t(N p )e(J [ko+1 \l [k] ;R/p). 
pen 

Recall that £(A p ) = £(N P ) by Remark 3.3. Thus 

e (j[fco+i] ) lM.jV) = EW)e(^ 0+11 ,I [k U/p). ■ 
pen 

/ -)_ AnnA / \ 

Note that if ht— — > then IT = {p e Min^ x ^J | dimiZ/p = dim A} 

by Remark 3.3. Hence by Theorem 3.2, we obtain the following result. 

Corollary 3.6. Let (R, n) be a noetherian local ring with maximal ideal n and 

infinite residue field k = R/n, ideals I±, . . . ,Id and an n-primary ideal J. Let A be 

I + AnnA 

a finitely generated R-module. Set I = Assume that ht — — — — — > 0. 

Denote by U the set of all prime ideals p of R such that p e Min(.R/AnnA) and 
dimi?/p = dim A. Then we have 

e (j[*o+i] j lM ; jV) = J2 £ ( N p) e ( j[k0+1] > llkl > R /P)- 
pen 

Let Ji, . . . , Id be n-primary ideals of R. Set dim A = q. Denote by P(ni, . . . , n^) 
the Hilbert-Samuel polynomial of the Hilbert-Samuel function Ia^ jri ^"djy j- For 
any 1 < i < d, denote by Qi(rii, . . . , rid) the Hilbert-Samuel polynomial of the 
Hilbert-Samuel function iA 4 4+1 /m^ )- Then we have deg P(ni, . . . , rid) = Q 
and 

P(m, ...,ni + l,...,n d )- P(ni, . . . , n*, . . . , n d ) = Qi(rii, . . . , n h . . . , n d ). 
Write the terms of total degree q in P(n) in the form £ |k|=? e ( lW ; N ) ■ 

omce 

fci + • ■ • + kd =| k |= q > 0, there exists 1 < j < d such that kj > 0. It is 
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easy to check that — j- - — -| rT^i 1 ' ' ' n j 3 1 ' ' ' n d d * s a term of total degree 

k\\ • ■ ■ (kj — 1)! ■ ■ ■ kj}. 

q — 1 in Qj(n). So e(lM;iV) as in [5] is exactly the mixed multiplicity of N with 
respect to (Ii, . . . , Ij, . . . , Id) of the type (ki, . . . , kj, . . . , kd) defined in Section 2 
with Ij playing the role of J. Therefore, for any non-negative integ ers k\, . . . , kd 
with k\ + • • ■ + kd — | k | = q, one also calls e(lt k '; N) the mixed multiplicity of N 
with respect to (I\, . . . , Id) of the type (kx, . . . , kd). 

Then as a consequence of Corollary 3.6, we get the following result. 

Corollary 3.7 [5, Theorem 17.4.8]. Let (R,n) be a noetherian local ring with max- 
imal ideal n and infinite residue field k = R/xx, and n-primary ideals Ii, . . . ,1^. Let 
N be a finitely generated R-module of Krull dimension dim N > 0. Denote by IT the 
set of all prime ideals p of R such that p G Min(i?/AnnA r ) and dimi?/p = dim./V. 
Assume that k\, . . . ,kj are non-negative integers with k± + • • • + kd — dim N. Then 
we have 

e(lM ] N) = J2We(I [k] ;R/p)- 
pen 

j _|_ AnniV 

Proof. Since dim iV > and I — I\ • ■ • Id is an n-primary ideal, ht — > 0. 

AnniV 

Hence the proof is immediate from Corollary 3.6. ■ 

Remark 3.8. Let W\, W 2 , W 3 be finitely generated i?-modules and let Ji, . . . , I d be 
ideals of R such that I = I\ ■ ■ ■ Id ^ V Ann Wi for all i — 1, 2, 3. Let 

— ► Wi — > W 3 — y W 2 — > 

Wi 

be a short exact sequence of i?-modules. For any 2 = 1,2, 3, set Wi = — and 

Pi = dim Wi. Denote by IT the set of prime ideals such that p G Mm(R/AnnWi) 
and dimi?/p = pi. Set Q = U\ U Il 2 U n 3 . For any p G Q, we have always short 
exact sequences 

— ► (W 1 ) p — > (W 3 ) p — )• (W 2 ) p — ). 0. 

If Pj_< Pi and p fc = {pi, p 2 , P3}\{Pi, Pj} then foi_any p G 11*, we get 
dimW^j < dimi?/p, and hence p ^ AnnWj. In this case, (Wj)p = 0. By Remark 
3.3, (Wj) p = (Wj) p . Hence (W s ) p = 0. Thus ^ (W) p = (W fe ) p . This argument 
proves that if pj < pi then pi = pk and = n^, moreover, p 3 = max{pi,p 2 }- 

Using Theorem 3.2, now we prove that the mixed multiplicities of arbitrary ideals 
are additive on short exact sequences by the following result. 
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Corollary 3.9. Keep the notations as in Remark 3.8. Let J be an n-primary ideal. 
Set Z = (J, R)+)- Assume that dim W 3 = k + hi + ■ ■ ■ + k d + 1. Then the 
following statements hold. 

(i) If dim W\ = dim W 2 = dim W 3 then 

(a) : e(J [ko+1 \l [k] ;W 3 ) = e( J [feo+1] , 1 [k] ; W x ) + e( J [fco+1] , I [k] ; W 2 ); 

(b) : e(3;0t(W 3 )) = e(3;!K(I; W^)) + e(3;!K(W 2 )). 

(ii) If h^k = 1,2 and dim jy 3 > dim i/jen 

(a) : e(J [fe0+11 , 1 [k] ; W 3 ) = e(J [ko+1] , I [k] ; W fc ); 
(6):e(3;iH(I;W , 3))=e(5;W(I;F fc )). 

Proof. The proof of (i): Since Pi = £>2 = £>3 ; by Theorem 3.2 we have 
e (j[fco+i] 9l M ;Wi ) = ^£(iy.) p e(j[ fc0+1 ],l[ k ] ;j R/p) 

for z = 1,2,3. Let p G \ IT. Since dimi?/p = Pi, p ^ ArniWi. Consequently, 
(Wi) p = 0. By Remark 3.3, (Wi) p = (PF;) p . So (Wi) p = 0. From this it follows that 

e (j[fco+i] )I [k] ;W .^ = ^£( Wi ) p e(J [fco+1] ,I [k] ; J R/p) = ^£(iy i ) p e(J [fc0+11 ,I [k] ;^/p) 
pgn t pen 
for all i = 1,2, 3. Therefore by Theorem 3.2, we obtain 
e (j[*o+i] j lM ;W r 3 ) = ^£(iy 3 ) p e(j[ fc0+1 ],lM;i?/p) 
pen 

= E^^U + W)p)e(J [fco+1] , 1 [k] ; fi/p) 
pen 

= J2 W)p e ( J [fc0+1] ,i [k] ; fl/p) + Yl ^ W *)A J [k0+1] J [k] ;R/p) 

pen pen 
= e(J [ko+1 \l [k] ; Wi) + e( J [fco+1] , I [k] ; W 2 ). 

Hence we get (a) of (i). By Corollary 2.5(h) we have (b) of (i). The case that 
p 3 > p h : By Remark 3.8, p 3 = p k ; Ii 3 = U k and (W 3 )p = (W k )p for all p G n 3 = Il fe . 
Consequently, we obtain (ii) by Corollary 2.5(h) and since 

e (j[fco+i] ;I [k] ;W3 ) = Y,t(W 3 ) p e(J [ko+1] ,I [k] ;R/p) 
pen 3 

pen fe 

= e(J [fco+1] ,l [k] ;W4). ■ 
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Remark 3.10. Now, if we assign the mixed multiplicities of modules Wi : 

e (j[feo+i] )I M. w .) =0 

to the case that ko + • • ■ + kd > dim Wi — 1, then from Corollary 3.9, we immediately 
get that: if k + | k |= dim W 3 — 1 then 

e (j[fco+i] ; r [k]. Wz) = e (j[fco+i] ; I M. Wl) + e (j[fco+i] ; jM. W2 y 

It is natural to suppose that the proof of Theorem 3.2 will be based on Corollary 
3.9. Hence one of obstructions in proving Theorem 3.2 is Corollary 3.9. This is a 
motivation to help us giving the proof of Theorem 3.2 as in this paper. 



4. Filter-regular sequences of multi-graded modules 

In this section, we explore the relationship between filter-regular sequences of the 
multi-graded Fj(J, I; _R)-module Fj(J, I; N) and weak-(FC)-sequences of ideals that 
will be used in the proofs of Section 5. 

The concept of filter-regular sequences was introduced by Stuckrad and Vogel in 
[15]. The theory of filter-regular sequences became an important tool to study some 
classes of singular rings and has been continually developed (see e.g. [2, 6, 18, 19, 
24]). 

Definition 4.1. Let S = @ ni nd >o S( ni ,...,n d ) be a finitely generated standard N d - 
graded algebra over an artinian local ring A and let M = ® ni nd>0 M( ni) ... )nd ) be a 

finitely generated N d -graded S'-module. Let S^i^...^) be not contained in \/AxmM. 
Then a homogeneous element x G S is called an S ++ -filter-regular element with 
respect to M if (0 M : x)t nir __ ind ) = for all large n±, . . . , n d . Let X\, . . . , x t be homo- 
geneous elements in S. We call that x±, . . . , x t is an S ++ -filter-regular sequence with 

M 

respect to M if Xj is an S^-filter-regular element with respect to r — 

(rci, . . . ,Xi-{)M 

for all i = 1, . . . , t. 

Remark 4.2. If S^i,...,!) C ^/Ann~M then (0^/ : ^)(m,...,n d ) Q -^(ni,...,n d ) = f° r a H 
large ni, . . . , n^. Hence any homogeneous element of S always has the property of 
an S' ++ -filter-regular element. This fact only obstruct and do not carry usefulness. 
That is why in Definition 4.1, one has to exclude the case that 5 , ( l lj tl ) C VAnnM 
in defining S' ++ -filter-regular elements. 
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Note 2.3. If S (1,1,.. .,i) ^ V AnnM, then by [24], a homogeneous element x £ S is an 
S^-filter-regular element with respect to M if and only if x ^ P for any P £ Ass^M 
and P does not contain S ++ . That means x ^ Us ++ ^p peAss s M P- ^ n ^ ms case ; f° r 
any 1 < i < d, there exists an S' ++ -fllter- regular element x £ Si\ mS 1 ,. 

Remember that the positivity and the relationship between mixed multiplicities 
and Hilbert-Samuel multiplicities of ideals have attracted much attention (see e.g. 
[7, 8, 9, 11, 14, 16, 19, 21, 22, 23, 25]). In past years, using different sequences, 
one expressed mixed multiplicities into Hilbert-Samuel multiplicity, for instance: 
Risler- Teissier in 1973 [17] by superficial sequences and Rees in 1984 [13] by joint 
reductions; Viet in 2000 [21] by (FC)-sequences (see e.g. [3, 11, 25]). 

Definition 4.4 [21]. Let (R, n) be a noetherian local ring with maximal ideal 
n, infinite residue field k = R/n and let A^ be a finitely generated -R-module. Let 
Ii, . . . , Id be ideals such that I\ ■ ■ ■ Id is not contained in v AnnA^. Set I = I\ ■ ■ ■ Id- 
An element x £ R is called an (FC) -element of N with respect to (ii, . . . , Id) if there 
exists i £ {1, . . . , d} such that x £ Ii and the following conditions are satisfied: 

(i) x is an /-filter-regular element with respect to N, i.e., Ojv : i C Ojv : I°°. 

(ii) xN H h ni ■ ■ ■ if +1 • ■ ■ I^N = xh ni ■■■Ii'--- Id d N for all n u . . . , n d > 0. 
(hi) dim N/(xN : J°°) = dimAr/Oiv : J°° - 1. 

We call x a weak-(FC) -element of N with respect to (Ii,...,I d ) if x satisfies the 
conditions (i) and (ii). 

N 

Let xi,...,Xt be a sequence in R. For any < i < t, set Aj 



(xx, . . .,Xi)N' 

Then x%, . . . , Xt is called a weak-(FC) -sequence of N with respect to (Ji, . . . , J^) if 
is a weak-(FC)-element of Aj with respect to (Ji, . . . , Id) for alH = 0, — 1. 

Xi, . . . , Xt is called an (FC) -sequence of N with respect to (ii, . . . , Id) if £i+i is an 
(FC)-element of Aj with respect to (7i, . . . , Id) for all i — 0, . . . , t — 1. 

Recall that 



e(M) = £ |kM _ ie (M;k); 

= S^ Q i ) for all i — 1, . . . , d; 

i 

jnojrii _ _ _ jn d 

§ = F j(Ji -R) = ®no,n lr ..,n d >0 t„ +1 j-rn 

1 ^ 

Jno/ r i • ■ ■ [ d N 

M ~~ I 3 N ) - ©n ,ni,...,n d >0 Jn +l/™i . --I™ d N' 
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Set ^ = 



,...,n i - 1 ,n i+1 ,...,n d >0 ; n<=0 S(m,...,n d ) an d 



ShM, 



(o,..,o)- 



Proposition 4.5. Let x E h be a weak-(FC) -element with respect to (J,I\, . . . , Id) 
of N. Denote by x and Li the images of x and 1^ in Si, respectively. Then we have: 

(i) x is an § ++ -filter-regular element with respect to M. 

(ii) dim(M/xM) A = dim ^ and e(M/xM) = e(Fj(J, I; —^))- 
.... §//i§ = Fj( J, /!,..., J^!, J i+1 , . . . , I d ; R) ^ % and 



m 



M//.M = Fj(J, Ji_i, I m , . . . , J,,; iV) 



Proof. We have (Oyv : I 00 ) f| Jm/ i mi ■ ■ ■ C dAr = for a11 m, mi, . . . , m d > by 
Artin-Rees lemma. Since x is an J-filter-regular element with respect to M, 

(0 N : x) p| J m Il ni ■ ■ ■ I™ d N C (Otv : /°°) f| J m /r • ■ ■ C d Ar = 

for all m, mi, . . . , 3> 0. From this it follows that 



= (ziV p| J" +1 /i ni • • • If 1+1 • • • /£<W) : x] P J n lT ■■■IT-- Id d N 
= xJ n+1 h ni ■ ■ ■ IT ■ ■ ■ l n d d N : x] P J 71 /" 1 • • • IT ■ ■ ■ I^N 

= j n+1 h ni ---IT--- iT N + °n ■ x] P J" A™ 1 ---IT--- J d dN 

= j n+1 h ni ---it--- iT N + (°^v : p J^i? 1 ■ • • it ■ ■ ■ iT N 
= j n+1 h ni ...it--- r d d N 

for all n, ni, . . . , n<i 3> 0. Hence [0m : ^](n,m,...,n d ) = for all n, rii, . . . , n<i i» 0. Thus, 



x is an § ++ -filter-regular element. We get (i). It can be verified that 

jmjnri . . . jrn d N 



[M/xM] (m , mi ,... imj) 



Jrn+lJ™! . . . J^ N + x jmj^i . . . jmt-1 

J n lT ---Id d (N/xN) 



I™ d N 



and 



CDn,ni,.... 



"d>0 jn 



(m,mi,...,mj) 



xA^ J (m,mi,...,m t j) 
jmjmi . . . jrn dN + ^ 

Jm+lJ^i ...J^ N + xN = jm+ljmx . . . jm d N + ^ pj j m/ mi . . . N ' 



jn+ljnx ...^(N/xN) 
J™!™ 1 ---I^N 
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Since x is a weak-(FC)-element, 

xN p| J m I^ ■ ■ ■ I™ d N = xJ m I^ ■ ■ ■ J™ 1 " 1 ■ • • !7 d N 
for all m, mi, . . . , 3> 0. Hence 



(m,mi,...,m d ) 



F * J *^ 



{m,mi,...,m d ) 



for all m, m 1; . . . , ^> 0. From this it follows that 



a .. „ . , , N ,l A .. iV 



dim (M/zM) = dim Fj(J, I; 

v ' L rriV 



dim 



/ iv \ 

by Note 2.1 and e M/iM = e Fj(J,I; . We get (ii). Since I* 

V xN J 

obvious. I 



S», (iii) is 



5. Recursion formulas for multiplicities of graded modules 

This section gives the recursion formulas for the sum of all the mixed multiplicities 
of multi-graded modules. And as an application, we get the recursion formulas for 
the multiplicity of multi-graded Rees modules. Recall that e(M) denotes the sum 
of all the mixed multiplicities of M, i.e., 

e(M)= e ( M ; k ); 

\k\=t-l 



Si = S. 



(0,. 



.0) 



for all i 



Si = S {ni ,...,n d ) and Mr- = SjAf (0 ,...,o). 

ni,...,n i - 1 ,n i+1 ,...,n d >0 ; nj=0 

We have the following comment. 

Remark 5.1. For any m ^ 0, S^Mq is a finitely generated N d_1 -graded Sj- 
module. Since : SfMq = : S^Mj- for all w, ^> 0, there exists h such that 
dim Supp ++ S'"Mj = dimSupp ++ <S7-Mj-- for all u,v > h. Hence by [24, Remark 3.1], 
dim^A[^M ? ] A = dim^A[5^M ? ] A for all u,v>h. 



The main result of this section is the following theorem. 



20 



Theorem 5.2. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S -module such that 
M = SM( 0) ... fi ). Set dim S A M A = I. Assume that e(M; ki, . . . , k d ) ± and h > 0. 
Let x G Si be an S ++ - filter-regular element with respect to M. Then the following 
statements hold. 

0*) E|h| =^-i- hi=o e ^M\ h) ^ «/ anc? on/y if dim^A [S^M^] A = t for some v 3> 0. 
In #w's case, e(<S7^) = J2\h\ =i-i- h i= o e (^5 h) for all v 0. 

(iii) If dim^A^M^ = £ for some v > tfien e(M) = e( — -) + e(S?Afj) 
/or a// w ^> 0. 



/ M 



for a// «>0. 



(iv) 7/ dim^A[^M ? ] A < £ /or some v > tfcen e(M) = e(^— J /< 
Proof. Since x G is an S , ++ -filter-regular element with respect to M, we have 



M \ 

AlM/(ni,...,nj)J 



^[M (nii ... ind) ] - £i[Af(ni,...,n i -l,...,n (l )] 



(7) 



for all large n 1; . . . , by [24, Remark 2.6]. Denote by P(ni, . . . ,n iy . . . , n d ) the 

IV M 

polynomial of ^[M( niv .. )n(j )] and Q(rii, . . . , n<f) the polynomial of £a 



iM/ (ni,...,n d ). 



from (7) we have 

Q{n u ...,n d ) = P(n u . . . , n h . . . , n d ) - P(n x , . . . , m - 1, . . . , n d ). 

Since e(M; ki, . . . , k d ) ^ and fcj > 0, by (8) we get deg Q = deg P — 1 and 

/ M 



e(M; hi, . . . , = e (^^; /ii, . . . , /i» - 1, . . . , /i^ for all ft,; > 0. 



(9) 



By (9), 



E|h| =1-1; h l>0 e ( M ' h ) = E|h| =1-1; h z >0 e (^' h l> ■ ■ ■ ' h i ~ X > • • • ' h *) 



Since e 



/ M 



1 ft, 



h| =£-1; fti>0 
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We have (i). Remember that 

e(M) = £|h| = e(M; h) = £ |h| = *-i, k l>0 e(M; h) + £ |h| = /-i ; h,=o e(M; h). 
Thus, 

g(M)= K^) + £ e ^ h )- ( io ) 

|h| =£-1; /i;=0 

Now, we prove (ii). Choose u>0 such that 

P(m, . . . , n d ) = tA[M[ nu ... tnd )] 
for all ni, . . . , n d > v. Then P(ni, . . . , w, . . . , n d ) = ^[Af(n 1 ,...,«,...,n d )] for a11 

ni, ... , ni-!, ...,n d >v and ra* = u. 

Note that 

^[M (nii ...,,,..., nd) ] = a^M ?(nii ... A ^ j 

and the terms of total degree I — 1 in the polynomial 

P( ni ,... n*)=^[5^^^ 

have the form 



e(M;hi,...,0,...,h d )^ 



h 1 \---Q\---h d \ 

hi + -+0+ •••+ h d = 

This follows that £ |h| =/ _ 1; ^. =0 e(M; h) ^ if and only if dim^A [S?M>] A = i for 
some v 3> 0. In this case, 

e(M; /ii, . . . , 0, h i+1 , ...,h d ) = e(S^M^; hi,..., hi-i, h i+1 , . . . , h d ) 

for all v ^> by Remark 5.1. Therefore eyS^Mqj = Yl\h\ =e-v h t =o e (M; h) for all 
v ^> 0. (ii) is proved. By (10) and (ii) we immediately get (hi) and (iv). ■ 



We now will discuss how particular cases of Theorem 5.2 can be treated. 

M 

Remember that if the multiplicities of M; ; S^Mr- are expressed as the sums of 

xM 

M 

all the mixed multiplicities of M; S^M-^, respectively then 

e(M) =e(M); e(^) =e(^); e(5^) = e(SVM>). 
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Hence as an immediate consequence of Theorem 5.2, we have the following result. 
Corollary 5.3. Set dim^A M A = I. Assume that £ > 1. Then we have: 

(i) Ife(M) is the sum of all the mixed multiplicities of M and dim^A [S^Afj] A = £ 

i 

for some v > then e(M) = e(— — J + e{S^M>) for all v > 0. 

f M \ M 

(ii) If e is the sum of all the mixed multiplicities of then 

v ; J \xMJ j f xM 

|h| =1-1; hi>0 

(iii) If dim^A [S^M-] A = t and e[S\Mq) is the sum of all the mixed multiplicities of 
S?M? for some v ^> then 

e(S^M-) = e ( M ; h ) f° r aU v » °- 

|h| =1-1; hi=0 

Remember that § = Fj(J, I; i?) and M = Fj(J,I;N); I = h---I d is not con- 

/ N 

tained in vAnniV: dim = q. For any % = 1, . . . , d, set 

N : I°° H J ' ' ' 

J»(Ij; iV) = <K(/ l5 . . . , Ji_i, I m , ...,I d ]N). 
Recall that by Proposition 4.5(iii), 

Mj = Fj{J, h, . . 7 i+ i, ... t I d ',N). 

Upon simple computation, we get 

S?M? = Fj(J, /!,...,/,_!, J m , . . . , I d] I?N). 

Set 

W =7T^ andM = F J (J,I;iV). 

mi i 7 + AnniV 

Then since ht = — > 0, we have 

AnnTV 

— — N 

dim FN = dim N > dim — = 

FN 
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for any 1 «C % ^ d and for all v > 0. Hence from short exact sequences 



by Corollary 3.9(ii)(b) we get 

e ( ( J, ; ; ^ ; ¥)) = e ( ( J, <R(I ? ; J2)+) ; 01(1-, ; I*N)) . 
On the other hand e^M-) = e((j, 5H(^; #)+); J^JV)) by Corollary 2.6. Hence 

e(S?Mr) =e((J,^(I ?;j R) + );Sn(I ? ;iV)). 

This fact yields: 

Note 5.4. e(SVR%) = e(( J, £H(I 7 ; #)+); ^(I T ;iV)). 

Put 3 = ( J, *H(I; and 3j = (</, ; • Then as a consequence of Theorem 
5.2 and Proposition 4.5 we obtain the following results. 

Theorem 5.5. Assume that e{J^ k ° +1 \ 1^; TV) 7^ and fc, > 0. Let x E h be a 
weak-(FC) -element of N with respect to (J, I\, . . . , i^). TTien 

< fi > e ( 3i3, ( I; o^>) = e ( 3;9, ( I; ^)) +e ( 3 - ;W ft ; o^))' 
W<^o^))=<^^)) + <^^))' 

Proof. Denote by x the image of x in Sj. Since x G is a weak-(FC)-element of iV 
with respect to (J, 7i, . . . , Id), x is an S ++ -filter-regular element with respect to M 

by Proposition 4.5(i). By Proposition 4.5(h), e(M/.xM) = eyF(j,I; — ~~~)^- Hence 
?(M/xM)=e(f J (jJ;-^)) 

= e ((j >W (I;i2) + );W(l;-JL_)) 
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by Corollary 2.6. Thus, we get(i) by Theorem 5.2(i). Now, since 

N ,\ . , 

>N 



e(M) = e(^; W(l; ^—7^)) and e(M/xM) = e (a; ^7^) 
by Corollary 2.6, and 



e(S?Mr) =e((J,^(I ?;j R) + );^(I T ;iV)) = e (^ ; 

by Note 5.4, we have (ii) by Theorem 5.2(iii). Choose J = n, we get (hi) by (ii). ■ 

Remember that if ht 1 % AnniV > 0, then eh] — = efo; 9t(l; JV)) 

AnnN V y ' Q N : I°° J J v v ;y 

by Remark 2.7. Hence as an immediate consequence of Theorem 5.5, we have the 
following result. 

j 1 AnnA^ 

Corollary 5.6. Assume that ht — > 0; e( J [fco+1] , I [k] ; AO ^ and h > 0. 

AnnA^ 

Let x G Ii be a weak-(FC) -element of N with respect to (J, h, ■ ■ ■ , Id)- Then 
N 



(ii) e(3f; 91(1; iV)) = e (;j; ^^)) + efe *)). 
(hi) e(SH(l; AT)) = e(5H(l; + e(«H(%; AT)). 



Suppose that e(J [ko+1] ,I [k] ; N) ^ and x 1 ,...,x p (p < is a weak-(FC)- 
sequence in /j. By Theorem 5.5 and by induction on p, we get the following corollary. 

Corollary 5.7. Let e(J [fco+1] , I M ; iV) ^ and x 1} . . . , x p e Ii (p ^ A*) 6e a weaA;- 
(FC)-sequence of N with respect to (J, J 1; . . . , J rf ). TTien 



(xi,...,x p )iV: J c 
p_1 A" 



In particular, if d — 1 then / = Ji. Put p = max{i | e(j' 9 l ', JW;AT) 7^ 0} and 
assume that x±, . . . , x p is a weak-(FC)-sequence of A" with respect to (J, J). Then by 
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[21, 22] (see [11, Proposition 3.3(iii) and Theorem 3.4(iii)]), maximal 
(FC)-sequence of N with respect to (J, I)- By Corollary 5.7, 

p—i 



i=0 



Since p is maximal, e(J^,I^]N) ^ if and only if < i p by [21]. 
Consequently by [21] (see [11, Proposition 3.3(i)]), 

e (jii-P-i]j\p+i] ; N) = e( J^-p- { \ jW; — ) ^ 

V {x 1 ,...,x p )N/ 

if and only if i = 0. Therefore by Corollary 2.5(h), 

N A / - „, _ rn1 AT 



< 3 ^ V,...,^:I~ >H( W ' 



(xi, . . .,x p )N 



On the other hand e f J^, J [0] ; 7 — — rr-) = 4 J; 1 ~, ) h J 

V fx, z„W V fx, x„)N : I°°J 



[11, Lemma 3.2]. Hence e(^R(I; 



(x 1 ,...,x p )NJ V ' (xi, . . . ,x p )N : J c 



(x x ,...,x p )N :I°°'J V ' (xi,...,x p )iV : J c 
Thus, 

e (3-^^) = g e ( J ' („,„„ l) N :I- )- 
Then we have the following corollary. 

Corollary 5.8. e (3; 01(7; ^—7^)) = E?=o ^ 



In the case that 

7 + AnniV / AT 



ht- 



AnnN 



>0, e (3;SH(J;_ — )) = e (3;W(J;JV)) 



by Remark 2.7. We get the following result which is proved by [11]. 

j 1 AnnA^ 

Corollary 5.9 [11, Theorem 4.2]. If ht — > 0, then 

AnnA* 



e(a;*(7;A0)=5>(j; 



iV 



(xi,...^,)^ : J c 



2G 



References 

[1] P. B. Bhattacharya, The Hilbert-functions of two ideals, Proc. Cambridge. Philos. Soc. 53(1957), 
568-575. 

[2] M. Brodmann and R. Y. Sharp, Local cohomology: an algebraic introduction with geometric applica- 
tions, Cambridge studies in advanced mathematics, No 60, Cambridge University Press 1998. 

[3] L. V. Dinh and D. Q. Viet, On two results of mixed multiplicities, Int. J. Algebra 4(1) 2010, 19-23. 

[4] M. Herrmann, E. Hyry, J. Ribbe, Z. Tang, Reduction numbers and multiplicities of multigraded struc- 
tures, J. Algebra 197(1997), 311-341. 

[5] C. Huneke and I. Swanson, Integral Closure of Ideals, Rings, and Modules, London Mathematical 
Lecture Note Series 336, Cambridge University Press (2006). 

[6] E. Hyry, The diagonal subring and the Cohen-Macaulay property of a multigraded ring, Trans. Amer. 
Math. Soc. 351(1999), 2213-2232. 

[7] D. Katz and J. K. Verma, Extended Rees algebras and mixed multiplicities, Math. Z. 202(1989), 111- 
128. 

[8] D. Kirby and D. Rees, Multiplicities in graded rings I: the general theory, Contemporary Mathematics 
159(1994), 209-267. 

[9] D. Kirby and D. Rees, Multiplicities in graded rings II: integral equivalence and the Buchsbaum - Rim 

multiplicity, Math. Proc. Cambridge Phil. Soc. 119 (1996), 425-445. 
[10] S. Kleiman and A. Thorup, Mixed Buchsbaum - Rim multiplicities, Amer. J. Math. 118(1996), 529-569. 
[11] N. T. Manh and D. Q. Viet, Mixed multiplicities of modules over noetherian local rings, Tokyo J. 

Math. 29(2006), 325-345. 

[12] D. G. Northcott and D. Rees, Reduction of ideals in local rings, Proc. Cambridge Phil. Soc. 50(1954), 
145-158. 

[13] D. Rees, Generalizations of reductions and mixed multiplicities, J. London. Math. Soc. 29(1984), 
397-414. 

[14] P. Roberts, Local Chern classes, multiplicities and perfect complexes, Memoire Soc. Math. France 
38(1989), 145-161. 

[15] J. Stuckrad and W. Vogel, Buchsbaum rings and applications, VEB Deutscher Verlag der Wisssen- 
schaften. Berlin, 1986. 

[16] I. Swanson, Mixed multiplicities, joint reductions and quasi-unmixed local rings , J. London Math. 
Soc. 48(1993), no.l, 1-14. 

[17] B. Teisier, Cycles evanescents, sections planes, et conditions de Whitney, Singularities a Cargese, 

1972. Asterisque, 7-8(1973), 285-362. 
[18] N. V. Trung, Reduction exponents and degree bound for the defining equation of graded rings, Proc. 

Amer. Mat. Soc. 101(1987), 229-234. 
[19] N. V. Trung, Positivity of mixed multiplicities, J. Math. Ann. 319(2001), 33-63. 

[20] J. K. Verma, Multigraded Rees algebras and mixed multiplicities, J. Pure and Appl. Algebra 77(1992), 
219-228. 

[21] D. Q. Viet, Mixed multiplicities of arbitrary ideals in local rings, Comm. Algebra. 28(2000), 3803-3821. 
[22] D. Q. Viet, Sequences determining mixed multiplicities and reductions of ideals, Comm. Algebra. 
31(2003), 5047-5069. 

[23] D. Q. Viet, Reductions and mixed multiplicities of ideals, Comm. Algebra. 32(2004), 4159-4178. 

[24] D. Q. Viet and N. T. Manh, Mixed multiplicities of multigraded modules, Forum Math. 2011. DOI: 

10.1515/FORM. 2011. 120. 
[25] D. Q. Viet and T. T. H. Thanh, On (FC) -sequences and mixed multiplicities of multi- graded algebras, 

Tokyo J. Math. 34(2011), 185-202. 



